ZYGMUND STRONG FOLIATIONS

PATRICK FOULON AND BORISHASSELBLATT

ABSTRACT. We shawv thatfor a volume-preserving\nosor flow on a 3-manifoldthe
strongstableandunstablefoliationsareZygmund-rgular We alsoexhibit anobstruc-
tion to higherregularity, which admitsa directgeometricinterpretation.Vanishingof

this obstructionmplieshigh smoothnessf thejoint strongsublundleandthattheflow

is eithera suspensioor a contactflow.

1. INTRODUCTION

In their studyof volume-preserving\nosos flows on 3-manifoldsHurderandKatok
shavedthattheweak-stableandweak-unstabléoliationsareC1+29mund andthatthere
is an obstructionto higherregularity whosevanishingimplies smoothfoliations. We
shaw thatthe strongstableandunstabldoliationsareZygmund-rgularandthatthereis
anobstructionto higherregularity, which (unlike thatfor higherregularity of the weak
foliations)admitsa directgeometridnterpretationandwhosevanishingmpliessmooth
joint strongsublundle E* ¢ E*.

Definition 1.1 ([KH]). Let M beamanifold,y: R x M — M asmoothflow. Theny
is saidto beanAnoso flow if thetangentoundleT M splitsasTM = E¥ & E“ @ E*
in suchawaythatthereareconstant€ > 0 < A < 1 < npsuchthatE?(z) = Ry(z) #
{0} for all z € M andfor t > 0 we have

D™l < CnFand|[Df*y .| < CA.

Thesublundlesaretheninvariantand(Holder) continuousandhave smoothintegral
manifoldsW* andW* thatarecoherenin thatqg € W*(p) — W4%(q) = W*(p).
W* andW# definelaminations(continuousfoliations with smoothleaves). The aim
of this paperis to shawv thatif ¢ preseresvolumeandall threesublundlesare one-
dimensionathenthey areZygmund-rgular[Z, Sectionll.3, (3-1)] andthatthereis an
obstructionto higherregularity thatcanbe describedn geometriderms.

Definition 1.2. A function f betweenmmetric spacess saidto be Holder continuousf

thereisanH > 0, calledtheHolderexponentsuchthatd(f(z), f(y)) < const. d(z,y)?
wheneer d(z, y) is suficiently small. We specifythe constanty sayingthata func-
tion is H-Holder A continuoudunction f: U — R onanopensetU C R is saidto

be Zygmund-rgularif thereis K > 0 suchthat|f(z + h) + f(zx — h) — 2f(z)| <

K|h| for all x € U andsuficiently small h. To specify a value of K we may re-
fer to a functionasbeing K-Zygmund. The functionis saidto be “little Zygmund”if

[f(z + h) + f(z—h) = 2f(z)| = o(|h]).
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Zygmundregularityimpliesmodulusof continuityO( |z log |z||) andhenceH -Holder
continuityfor all H < 1 [Z, Theorem(3-4)]. It follows from Lipschitz continuity and
hencefrom differentiability Being“little Zygmund”implieshaving modulusof conti-
nuity o(|z log |z|]).

Thebackgroundo this investigationis the paperby HurderandKatok [HK], which,
in the samecontet, proves a similarly sharpregularity resultfor the weak-unstable
sublundleE* @ E¥: It is differentiablewvith Zygmund-rgulardervative,andthereis an
obstructionto higherregularity of the derivative. Indeed this obstructiorvanishesonly
if the Anosor flow is smoothlyconjucateto analgebraicone. The cogycle obstruction
describedy Katok andHurderwasfirst obsered by Anoso/ andis thefirst nonlinear
coeficientin theMosernormalform. Thereforeonemight call it the KAM-cogycle.

The regularity of the unstablesublundle E* is usually substantialljlower thanthat
of the weak-unstablesublundle. The exceptionare geodesidlows, wherethe strong
unstablesublundleis obtainedfrom the weak-unstablsublundle by intersectingwith
thekernelof theinvariantcontactform. This hasthe effect thatthe strong-unstabland
weak-unstablsublundleshave the sameregularity. However, time changesaffect the
regularity of thestrong-unstablsublundle,andthisis whattypically keepsts regularity
below C!. We presenta variantof the KAM-cogycle, the longitudinal KAM-cocycle,
thatis theobstructionto differentiablility.

Theorem1.3. Let M be a 3-manifold,k > 2, p: R x M — M a C* volume-
preservingAnose flow ThenE"* @ E* is Zygmund-egular, andthere is an obstruction
to higherregularity that can be describedgeometricallyas the curvatue of the image
of a transvesal undera returnmap. Thisobstructiondefineghe cohomolgy classof a
cocycle(thelongitudinalKAM-cocycle) andthefollowing are equivalent:

E" o E* is"little Zygmund”(seeDefinition1.2).
ThelongitudinalKAM-cocyclas a coboundary

E" @ E* is Lipsditz.

E* @ E* € kL,

@ is a suspensioor contactflow

A

Theauthorswould lik e to thankJeanMichel Bory for interestingdiscussions.

2. ZYGMUND REGULARITY

In this sectionwe prove Zygmundregularity of E* @ E°. We usetheHadamardyraph
transformmethod[H, KH]. It wasdevelopedin orderto prove the existenceof invariant
manifolds,andherewe examineit with aview to regularity of thesublundles.We apply
it to theone-formwhosekernelis E* @ E*.

The graphtransformactson sublundlesby ¢t E(p) := D' (E(¢~(p))), i.e., the
sublundle E is actedon by thedifferentialof ¢¢. If oneconsiderghe spaceof continu-
oussublundlesmoderatelycloseto E* with the distancedefinedby (the supremunof)
pointwiseanglesthenthe graphtransformis a contractingmapandhencehasa unique
fixedpoint, E*. In orderto proveregularity of E* it thereforesuficesconsidethesame
transformatiorin a completesubspacef distributionsof the desiredregularity, andto
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prove thattheorbit of someintial distributionremainsan thatspace This provesthatthe
fixedpoint E* is in thatspaceaswell.

In fact,thereis alittle lessto shaw thatit would appearThe sublundle £* is smooth
in theflow directionby invarianceandit is C*~! alongi¥* becausé* hasC* leaves.
Thereforeit suficesto shawv that E* is Zygmund-rgularalongivs.

Take T > 0, fixedfor now. After possiblyrescalingtime we will from now assume
that 7" contractsstablemanifoldsand expandsunstablemanifolds. We considerthe
graphtransformp? henceforth.

Lemma 2.1. Thee exist local coodinatesadaptedto the invariant laminations,i.e.,
coominatesystemsl: M x (—e, €)® — M sud that ¥, := U(p, -) satisfies

¥, is C* for everyp € M.

¥, dependgHolder) continuouslyon p.

VU, preservesolumefor eadp € M.

¥,(0) =p.

Uy (=€, €) x {0} x {0}) = Wige(p) N ¥ ((—¢,€)%).
\Ifgl(go‘s(\lfp(u,t, 5))) = (u,t + 4, s) for |§] < e.

U, ({0} x {0} x (€, €)) = Wige(p) N Tp((—€,€)%).

Suchcoordinatescan be obtainedeasily [KH], and even more sophisticatecadap-
tationsare possible[HK, dL]. The basicingredientis Mosers homotopy trick [KH],
refinedto imposeconditionsbeyond volume normalization.It is naturalto denotethe
coordinatevariablesby (u, t, s).

Sincethesublundlesareinvariantundertheflow, the coordinateepresentationf the
flow preserestheaxesof thelocal coordinatesystemaswell asvolume.

Thedifferentialof ¢ at pointsof the stableleaf (thethird coordinateaxis,or s-axis)
thereforetakesthefollowing form:

Nogagk~kwnE

a0 0
DT (0,0,s)=| b, 1 0],
b2 0 «

whereb;(s) = O(s) and|a(s)| < 1.

Proposition2.2. For eadh H € (0, 1) thereisa K > 0 sud thatthe graphtransform
preserveshespaceof sublundlesthatare H-Holderalong E° with constantk in local
coordinates.

Thusthe graphtransformpreseres Holder continuity More specifically applying
the graphtransformto a sublundlethatis H-Holderwith sufiiciently large constantk’
in local coordinategjivesa sublundlewith the sameproperty(for thesameK and H).
This holdsfor ary H < 1. This impliesimmediatelythat E* is H-Holder for ary
H < 1, becauset shavs thatthe uniquefixed point of the graphtransformliesin the
spaceof H-Holdersublundles.

While this factis not new, it may be illuminating to demonstratet beforeproving
Zygmundregularity.
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Proof. In adaptedcoordinatesa sublundle transwerseto E¥ @ E* is representedby

graphsof linearmapsfrom E* to E¥ & E*. Usingthe canonicakepresentatioof the

tangentundleof R3 we canwrite ary subspacérans\erseto thets-planeastheimage
1

of alinearmapgiven by a columnmatrix (e . Accordingly therestrictionof sucha
é
1
sublundleto stableleavesis givenlocally by matrices| e(s) | . Theadwantageof this

é(s)
representatiois thatapplyingthederivative amountgo simplecomposition.Theimage
(in thecoordinatest ¢ (p) of thesubspacés therepresentedstheimageof thelinear

mapwith matrix
a0 0 1 a~ !
b1 1 0 el = b1 +e ,
bg 0 o é b2 + éx

whichis alsotheimageof thelinearmapwith matrix

1 1
(2.1) a(s)bi(s) +as)e(s) | =: [ e(sy) |,
a(s)ba(s) + é(s)a’(s) é(sp)
wherepT (0,0, s) =: (0,0, s,,) in local coordinates.
To prove Propositior2.2 assumehat|e(s)| < K|s|# with uniform K andH. Then

le(so)| = la(s)[br(s) + e(s)]
< la(s)[[O(s) + K|s|"]
= la(s)s]" [K]a[' ™" + |a(s)] '~ O(s' =)
= I (1+ 0(s))[Klal'™" + |a(s)['7O(s'~ )] < Klsy|"

for sufficiently large K. Likewise, assuming|é(s)| < K]|s|* with uniform K and
H € (0,1] gives

|e(sp)| = la(s)ba(s) + &(s)a?(s)]
= |a(s)s[*[la(s)[THO(Is|' =) + Kla(s)| ]
= [sp|" (1 + o(s))lla(s)|' = O(Is]' =) + Kla(s)*™"] < Klsp|”
for sufficiently large K andsuficiently smalls. O

We returnto this agumentiater.

To prove Zygmundregularity of the strongunstablesublundlewe vary the stratgy
slightly. Insteadof shawving thatthe spaceof K-Zygmundsublundlesis preseredfor
sufiiciently large K, we shaw thatfor eachK thereis a K’ > 0 suchthatrepeatedp-
plicationof thegraphtransformto a K -Zygmundsublundlealwaysgives K’-Zygmund
sublundles. Sincethe spaceof K’-Zygmundsublundlesis closedthis provesthatthe
uniguefixedpoint E* is K’'-Zygmund.
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Proposition2.3. For eah K > 0 theris a K’ > 0 sud that all forward images
underthe graphtransformof the spaceof sublundlestransveseto E* @& E¥ thatare
K-Zygmundin local coodinateslie in the spaceof K’-Zygmundsublundlesin local
coorinates.

1
Proof Consideasublundlethatis representeth localcoordinategs | e | with |e(s)+
é
e(—s)| < K|s| and|é(s) + é(—s)| < K]|s| for all s in ary local coordinatesystem.
Thenle(sy) + e(=(s0))| < [e(sp) + e((=5)p)| + le((=5)¢) + e(=(s,))], where

the lasttermis O(y?#) for ary H < 1 by Proposition2.2 becausés,, + (—s),| =
l£(0,0, 5) + (0,0, —s)|| = O(s?) sinceyp is C2.
Theothertermis estimatedasfollows:
le(sp) + e((=5)p)| = la(s)b1(s) + a(=5)b1(—s) + a(s)e(s) + a(—s)e(—s)|

< [e(s)[[b1(s) + b1(=s)| + [br(—5)l|x(s) — a(=s)]

+ la(s)lle(s) + e(=s)| + |e(—s)||a(s) — a(—s)]

< |a(s)|0(s?) + O(5)O(s) + |a(s) | K |s] + O(s™)O(s)
< K(1+0(s"))la(s)s|
= K(1+0(s"))(1 +o(s))ls|
= K (14 K(s))|s0l,

with x(s) = O(s*?) decreasingn K.

O

Notethat K’ := K [[;° (1 + k(s,i)) < oo andall imagesof ( ) underthegraph

o]

transformare K’-Zygmundin local coordinates. O

Corollary 2.4. Let M be a 3-manifold,o: R x M — M a C* volume-peserving
Anosa flow ThenE"™ & E* is Zygmund-egular.

3. AN OBSTRUCTION TO HIGHER REGULARITY

Theregularity in Corollary 2.4 is sharp. It is easyto seethatdifferentiability of the
strongstableor unstablefoliation cannotbe expected.

Lemma 3.1. Thee is an obstructionto differentiability of the strong unstablesublun-
dle

Proof. Suppose is aperiodicpointandtake 7' to beits period.Differentiating(2.1) at
0 givese’(0)a(0) = «(0)b7(0) + a(0)€e’(0), andhenceK (p, T') := b7 (0) = 0. O

We sharperthis conclusiorsignificantlyin Proposition3.4.

Notethat K (p, T') is naturally definedas a secondorder partial derivative of ¢ in
adaptedcoordinatesat arny pointp € M. Thereis a naturalgeometricinterpretation.
ConsidetthetranswersalsA := 1, ((—¢,€) X {0} X (—¢,€)) andA ;=7 () ((—¢, €) X
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{0} x (—¢,¢€)). ThenA’ N T (A) containdocal strongstableandunstablemanifoldsof

T (p), butthetwo trans\ersalsarenotusuallyidentical. As oneseesrom thecoordinate
represenatatioaf theflow, theobstructiongivesthe off-diagonaltermin the Hessiarof

the map (—4,9)? — R that givesthe lengthsof the orbit segmentsbetweenA’ and
oT(A"). This canbe viewed asthe “relative cunature” of imagetrans\ersalversus
original trans\ersal. Lemmad4.1 shaws thatif the obstructionvanishesve canchoose
trans\ersalssuchthattheimagetrans\ersalsagreeto third order

Lemma 3.2. K is anadditivecocycle

Proof. We needto shaw thatK (p, T + S) = K(¢%(p),S) + K(p,T) forall p € M,
T,S € R. Writing

a”l 0 0
DeT(0,0,8)=| b 1 0
b2 0 Of)
atp and
al 0 0
De%(0,0,s)=| by 1 0
by 0 a)

atp? (p), wefind that

B * 0 0
DpT+5(0,0,5) = | ot +b, 1 0
* 0 =
Usingb; (0) = 0 thisgives
K, T+5) = Lo+ = (<L5,(0))a(0) + Lo, (0)
P, L 1 Vls=o = Ygs * @ ds '
= b1(0) + b1(0) = K(¢" (p), S) + K (T, p),
asrequired. O

Lemma 3.3. Thecohomolgy classof the longitudinal KAM-cocycleis unafectedby
coodinatechanges.

Proof. Considercoordinatechangedo coordinateghat also have our desiredlist of

properties.To seehow the longitudinalKAM-cocycle changesve examinethe change
in the differentialof »* entailedby the coordinatechange.We needonly studypoints
onthestableleaf. To dothecoordinatecalculationsve agreehatthe coordinatechange
transformsvariables(i, ¢, 3) to (u, t,s). Variablesin coordinatesat ' (p) aremarked

by asubscriptl’. At apoint(0,0, 3) anallowedcoordinatechangehasdifferential

0 O
1 0
0 a!

* o Q
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andtheinversein coordinatest o’ (p) is

az' 0 0
—a;le 1 0
* 0 ar,

. . d . . .
with entriesevaluatedat 5. Notethata = d—s In thesenew coordinateshedifferential
S

of T at (0,0, §) becomes
apt 0 0\ [a”! 0
—az'byr 1 0 b1
* 0 ar b2 0

s
Notethattherefore% = alaarg.
S

* * a_laaT

* 0 0
= —aa_lagle +ab;+b 1 0 .

Thisgives
(3.1)
R T) = by = —a(0)a~(0)az(0)-Lbr(0) + a(0)- %1 (0) + L(0)
Py t) = 050 sz = AW S V)ar (B) 50T NPT d3
d d di d B e
= 01(0) + SH(0) — S br(0) = K(p, T) +(0) B (0),
whichis cohomologouso K. O

Next we shawv thatthe longitudinalKAM-cocycle is indeedan obstructionto the regu-
larity of E* @ E* beingary higherthanZygmund.

Proposition3.4. If E* @ E* islittle Zygmund”(Definition1.2)thenthelongitudinal
KAM-cocycles null cohomolgous.

Proof. If E* & E° is “little Zygmund”thenthe modulusof continuityis o(|x log |z||).
Let p beary T-periodicpoint. Thenin our usualcoordinate2.1) gives

e(sy) = a(s)(bi(s) + e(s)) = a(0)(1 + o(s))(b1(0)s + o(s) + e(s)).
Sincea(s) = a(0)(1 + o(s)) ands, = a(0)s + O(s?) wefind, writing a := «(0), that

e(as) = e(s,)(1 + o(s* log |s|))
= (14 0(s))(b1(0)s + o(s) + e(s)) = a(K(p,T)s + e(s) + o(s))-
Recursvely, this gives

n—1

e(a"s) =a"(nK(p,T)s + e(s) + Z a'"lo(a’s)).
=0
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Sincethe termsof the sumconvergeto 0 we get .7 o' ~%o(a’s)/n — 0 asn — co.
Therefore,

) e(a™s)
0= lim ———————
n—oo a"slog(a™s)
i K@) o), i a'ola's) K1)
n—oonloga+logs  amslog(ams) slog(a™s) loga ’
SoK(p,T) = 0. O

4. VANISHING OF THE OBSTRUCTION

We now beagin to studywhathappensvhenthelongitudinalKAM-cocycle is trivial.
As afirst stepwe shav thatthis allows moreperfectlyadaptedtoordinatesystems.

Lemma4.1. If the longitudinal KAM-cocycleis a coboundarythenthere are nonsta-
tionary local coodinatesin which it vanishesdentically

Proof. If the longitudinal KAM-cocycle is null-cohomologoughenthereis a smooth
k: M — R suchthatK (p,T) = k(¢T(p)) — k(p) forall p € M, T € R. With the
notationsrom the proof of Lemma3.3 definea coordinatechangeat p by

U U
t|=|[t+k(pas
s S
In thesenew coordinatesk (p, T) = 0 forall p € M, t € R by (3.1) O

The first direct consequencef the existenceof suchcoordinateds that in this case
EY @ E¢ is Lipschitzcontinuous.

Proposition4.2. If the longitudinal KAM-cocycleis a coboundarythen E* & E* is
Lipscitz continuous.

Proof. We combinethe agumentsof Proposition2.2 andProposition2.3, usingthatin
our new coordinateghe cogycle is trivial, i.e., ¥, (0) = 0 in (2.1), sob;(s) = O(s?).
Assumethat|e(s)| < K|s| with uniform K. Thenthefirst calculationn Propositior2.2
becomes

le(se)] = la(s)[[b1(s) +e(s)] < |a(s)|(O(s?) + K|s])
= (K + 0(s))|a(s)s| = K (1 + £(s))lsel,

with x(s) = O(s) decreasingn K. Togetherwith the agumentfrom Proposition2.2
for e, whichworksfor H = 1, thisimpliesLipschitzcontinuityasin Corollary2.4. [
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5. SMOOTHNESS

We now shaw thatLipschitzcontinuityimpliessmoothness.

Proposition 5.1. If thevolumepreservingAnosw flowis C* andthesublundle E* @ E*
is Lipschitz continuousthenE* @ E* is C*~1.

Proof. By theLivshitzhomologicatheoreniL] thereis a C* invariantvolumeform €.
Thecanonicainvariantone-formA associatedtb theflow by

A(g)=1, AE*@E*)=0

is Lipschitzcontinuousandwe aimto prove thatit is C*—1.
In local chartsasin Lemma2.1we have

A =dt + Nu, s)ds + B(u, s)du,

where) and g3 areLipschitz-continuougunctionsindependenof the variablet. Then
the Anosor vectorfield X = ¢ (= 9;) is in thekernelof theintegrable2-formdA and
the L' 3-form A A dA is alsoflow invariant.By emjodicity thereis a K € R suchthat

ANJAEKQ,

with respectto the invariant measureassociatedo . Equivalently d4 25 w, with

w = KQ(X,-) aC* invariant2-form. We claim thatw is exact.

We usethatthe classicalStokes Theoremholdsfor Lipschitz continuousforms [P]:
Letcy, O € [—e, €] beafamily of regulardisjoint 2-cyclessuchthat[cg] = ¢ € H?(M)
andsetA = U,c[_c qcy. By theFubinitheorem

26-w(c):/_Z(/Cew>d9:/Ad0/\w:/Ad9/\dA:/_i(/CBdA)dG:O,

andw is exact.

ThereforethereisaC* one-formA suchthatw = dA. ThentheLipschitz-continuous
1-form A — A is almosteverywhereclosed. Choosea referenceRiemanniarmetric g.
Using the sametype of Fubini-Stolesargumentthereexist a g-harmonicl-form H in
thesamecohomologyclassanda 1-form p suchthat

A—A=H+pu, du0, //,LZO
Y

for ary 1-cycle . We aimto shaow thaty is exact, but insteadof usingthe sametrick as
beforewe will bemoreexplicit to gethigherregularity.

In adaptedocal coordinatesatp € M denoteby [0, z], x = (u,t, s), theimageof
the sggmentby the correspondindpcal chart. Introducefor any ¢ € R alocal Lipschitz
contiuousfunction

folz)i=c+ / W

[0,z]
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For every z, v andsmalle the StokesTheorengives

ftere) @ = [ pe [ dn

whereT is the orientedtriangle (0, z, z + ev). Thendf;(z)(v) = p(z)(v) for almost
every z andv. Sincetheintegral of . alongary closedcurve vanishedhereis a global
function f thatlocally coincideswith oneof thefunctionsf¢, i.e.,

(5.1) A A+ H +df.

We concludethe proof by shaving thatdf is C*—1.
Usingthe Anosor vectorfield andthe definitionof the canonicall-form A we write

1—A(X) — H(X) Zdf(X).

Thetermsontheleft areC*, soby themeasurableersionof theLivshitzTheorenthere
existsa C* boundaryp: M — R suchthat

1-A(X)—-H(X)=dbX).
Thisin particularmeanghatthe Lipschitz-continuousunctionp := b — f satisfies
(5.2) dp(X) 0.

We shaw thatthis impliesflow-invarianceof p. Choosep € M andanadapted:hartin
whichthe Anosor vectorfield X is expresse@sd;. Assumetherearezy = (ug, to, So)
andt € R suchthatp(p:(zo)) — p(xo) # 0. By continuitythereis anopensetU in the
trans\ersal{(u, to, s)} suchthat

to+t
0< [ (oertusto,) = plusto, ) duds = [ ([ dp(X(w))du) duds,
U U to
contraryto (5.2).

Invarianceandergodicity imply thatp is constan(everywhereby continuity), which
impliesdb = df. This concludeghe proof: We have shavnthatA = A + H + db
becauséothsidesof (5.1)arecontinuous.ThusA € C*~! andsoits kernel E* @ E*
isCk—1, O

By atheoremof Plante[Pl], invarianceof sucha smoothform impliesthe dichotomyin
5. of Theoreml.3. This completegheproof of Theoreml.3
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