
ZYGMUND STRONG FOLIA TIONS

PATRICK FOULON AND BORIS HASSELBLATT

ABSTRACT. We show that for a volume-preservingAnosov flow on a 3-manifoldthe
strongstableandunstablefoliationsareZygmund-regular. We alsoexhibit anobstruc-
tion to higherregularity, which admitsa directgeometricinterpretation.Vanishingof
thisobstructionimplieshighsmoothnessof thejoint strongsubbundleandthattheflow
is eitherasuspensionor acontactflow.

1. INTRODUCTION

In their studyof volume-preservingAnosov flows on 3-manifoldsHurderandKatok
showedthattheweak-stableandweak-unstablefoliationsare

����� Zygmund, andthatthere
is an obstructionto higherregularity whosevanishingimplies smoothfoliations. We
show thatthestrongstableandunstablefoliationsareZygmund-regularandthatthereis
anobstructionto higherregularity, which (unlike that for higherregularity of theweak
foliations)admitsadirectgeometricinterpretation,andwhosevanishingimpliessmooth
joint strongsubbundle ���	�
��� .
Definition 1.1 ([KH]). Let 
 bea manifold, ��������
 � 
 a smoothflow. Then �
is saidto beanAnosov flow if thetangentbundle ��
 splitsas ��
 ��������� � ��� �
in suchawaythatthereareconstants

����� �"!#�%$	�'&
suchthat ���)(+*-,.���0/��(1*2,43�5 �76

for all *�89
 andfor : �;� wehave<>= �@?BADCFE)G <IH �4& ?JA and
<K=ML ANCFEPO <IH ��! A>Q

Thesubbundlesaretheninvariantand(Hölder-) continuousandhavesmoothintegral
manifolds R%� and RS� thatarecoherentin that T98'R%�U(WV2,X�ZY R0�2([T\,��]R0�2(WV2, .R0� and RS� definelaminations(continuousfoliations with smoothleaves). The aim
of this paperis to show that if � preservesvolumeandall threesubbundlesareone-
dimensionalthenthey areZygmund-regular [Z, SectionII.3, (3 ^ 1)] andthat thereis an
obstructionto higherregularity thatcanbedescribedin geometricterms.

Definition 1.2. A function
L

betweenmetricspacesis saidto beHölder continuousif
thereisan _ �`� , calledtheHölderexponent,suchthat aJ( L (1*2,cb L (+de,f, H;gihkjelfm QnaJ(1*obpde,pq
whenever aJ(1*)bfde, is sufficiently small. We specifythe constantby sayingthat a func-
tion is _ -Hölder. A continuousfunction

L �Zrs� � on anopenset rutv� is saidto
be Zygmund-regular if thereis w �u�

suchthat x L (+*My%zJ,{y L (1*}|�zJ,~|"� L (1*2,�x Hw;x�zPx for all *�8�r and sufficiently small z . To specify a value of w we may re-
fer to a functionasbeing w -Zygmund. The function is saidto be “little Zygmund” ifx L (+* y'zJ,Zy L (1*�|�zJ,o|�� L (+*-,�xk���7(>x�zPx�, .
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Zygmundregularityimpliesmodulusof continuity ��(Kx *I� hk� x *�xFx�, andhence_ -Hölder
continuity for all _ ��$

[Z, Theorem(3 ^ 4)]. It follows from Lipschitzcontinuityand
hencefrom differentiability. Being“little Zygmund” implieshaving modulusof conti-
nuity ��(Kx *I� h\� x *.x�x�, .

Thebackgroundto this investigationis thepaperby HurderandKatok [HK], which,
in the samecontext, proves a similarly sharpregularity result for the weak-unstable
subbundle ���Z� � � : It is differentiablewith Zygmund-regularderivative,andthereis an
obstructionto higherregularityof thederivative. Indeed,this obstructionvanishesonly
if theAnosov flow is smoothlyconjugateto analgebraicone. Thecocycle obstruction
describedby KatokandHurderwasfirst observedby Anosov andis thefirst nonlinear
coefficient in theMosernormalform. Thereforeonemightcall it theKAM-cocycle.

The regularity of theunstablesubbundle ��� is usuallysubstantiallylower thanthat
of the weak-unstablesubbundle. The exceptionaregeodesicflows, wherethe strong
unstablesubbundleis obtainedfrom theweak-unstablesubbundleby intersectingwith
thekernelof theinvariantcontactform. This hastheeffect thatthestrong-unstableand
weak-unstablesubbundleshave thesameregularity. However, time changesaffect the
regularityof thestrong-unstablesubbundle,andthisis whattypicallykeepsits regularity
below

���
. We presenta variantof the KAM-cocycle, the longitudinalKAM-cocycle,

thatis theobstructionto differentiablility.

Theorem1.3. Let 
 be a 3-manifold, ��� � , ���-����
 � 
 a
���

volume-
preservingAnosov flow. Then��������� is Zygmund-regular, andthere is anobstruction
to higher regularity that canbedescribedgeometricallyas thecurvature of the image
of a transversalundera returnmap.Thisobstructiondefinesthecohomology classof a
cocycle(thelongitudinalKAM-cocycle),andthefollowingareequivalent:

1. � � �
� � is “little Zygmund”(seeDefinition1.2).
2. ThelongitudinalKAM-cocycleis a coboundary.
3. � � �
� � is Lipschitz.
4. � � �
� � 8 ��� ? � .
5. � is a suspensionor contactflow.

Theauthorswould like to thankJeanMichel Bony for interestingdiscussions.

2. ZYGMUND REGULARITY

In thissectionweproveZygmundregularityof � � ��� � . WeusetheHadamardgraph
transformmethod[H, KH]. It wasdevelopedin orderto prove theexistenceof invariant
manifolds,andhereweexamineit with aview to regularityof thesubbundles.Weapply
it to theone-formwhosekernelis � � �
� � .

The graphtransformactson subbundlesby � A � ��(WV2,I��� = � A ([��(�� ?JA (WV2,�,f, , i.e., the
subbundle � is actedon by thedifferentialof � A . If oneconsidersthespaceof continu-
oussubbundlesmoderatelycloseto � � with thedistancedefinedby (thesupremumof)
pointwiseangles,thenthegraphtransformis acontractingmapandhencehasaunique
fixedpoint, ��� . In orderto proveregularityof ��� it thereforesufficesconsiderthesame
transformationin a completesubspaceof distributionsof thedesiredregularity, andto
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provethattheorbit of someintial distributionremainsin thatspace.Thisprovesthatthe
fixedpoint ��� is in thatspaceaswell.

In fact,thereis a little lessto show thatit wouldappear:Thesubbundle ��� is smooth
in theflow directionby invariance,andit is

� � ? � along R%� becauseR%� has
� �

leaves.
Thereforeit sufficesto show that ��� is Zygmund-regularalong RS� .

Take � ��� , fixedfor now. After possiblyrescalingtime we will from now assume
that �o� contractsstablemanifoldsandexpandsunstablemanifolds. We considerthe
graphtransform�o� � henceforth.

Lemma 2.1. There exist local coordinatesadaptedto the invariant laminations,i.e.,
coordinatesystems���B
 ��(�|� �bn >,�¡�� 
 such that �£¢��¤�'� (¥V)bi^W, satisfies

1. � ¢ is
� �

for every V}8}
 .
2. �£¢ depends(Hölder-) continuouslyon V .
3. �£¢ preservesvolumefor each V}8}
 .
4. �£¢B( � ,��¦V .
5. �£¢B(f(p|� ibK >,§� 5 �76 � 5 �¨6 ,��%R0�loc (WV2,Z©#�£¢J(�(�|� �bn >,�¡�, .
6. � ? �¢ ([�«ªk(¬�£¢B(®­Pbp:cb>¯°,f,�,.�v(+­Pbp:Zy'±°bK¯°, for x²±ex �   .
7. �£¢B( 5 �¨6 � 5 �76 ��(p|� ibK K,�,.�%RS�loc (WV2,Z©#�£¢J(�(�|� �bn >,�¡�, .
Suchcoordinatescan be obtainedeasily [KH], and even more sophisticatedadap-

tationsarepossible[HK, dL]. The basicingredientis Moser’s homotopy trick [KH],
refinedto imposeconditionsbeyondvolumenormalization.It is naturalto denotethe
coordinatevariablesby (+­obp:³bK¯°, .

Sincethesubbundlesareinvariantundertheflow, thecoordinaterepresentationof the
flow preservestheaxesof thelocal coordinatesystemaswell asvolume.

Thedifferentialof � � atpointsof thestableleaf (thethird coordinateaxis,or ¯ -axis)
thereforetakesthefollowing form:

= � � ( � b � bK¯°,��
´µ·¶ ? � � �¸ � $ �¸c¹ � ¶

º»
b

where
¸K¼ (�¯½,.�¾��(¬¯°, and x ¶ (�¯°,�x �%$ .

Proposition2.2. For each _ 8`( � b $ , there is a w �S�
such that thegraphtransform

preservesthespaceof subbundlesthatare _ -Hölderalong � � with constantw in local
coordinates.

Thusthe graphtransformpreservesHölder continuity. More specifically, applying
thegraphtransformto a subbundlethat is _ -Hölderwith sufficiently largeconstantw
in local coordinatesgivesa subbundlewith thesameproperty(for thesamew and _ ).
This holds for any _ � $

. This implies immediatelythat � � is _ -Hölder for any_ ��$
, becauseit shows that theuniquefixedpoint of thegraphtransformlies in the

spaceof _ -Höldersubbundles.
While this fact is not new, it may be illuminating to demonstrateit beforeproving

Zygmundregularity.
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Proof. In adaptedcoordinatesa subbundle transverseto � � �¿��� is representedby
graphsof linearmapsfrom ��� to � � �`��� . Usingthecanonicalrepresentationof the
tangentbundleof �~¡ we canwrite any subspacetransverseto the :�¯ -planeasthe image

of a linearmapgivenby a columnmatrix

´µ $ÀÀ
º»

. Accordingly, therestrictionof sucha

subbundleto stableleavesis givenlocally by matrices

´µ $À (�¯½,À (�¯½,
º»

. Theadvantageof this

representationis thatapplyingthederivativeamountsto simplecomposition.Theimage
(in thecoordinatesat �o�§(¥V2, of thesubspaceis therepresentedastheimageof thelinear
mapwith matrix ´µ·¶ ? � � �¸ � $ �¸³¹ � ¶

º» ´µ $ÀÀ
º»
�
´µ ¶ ? �¸ � y À¸c¹ y À ¶

º»
b

which is alsotheimageof thelinearmapwith matrix´µ $¶ (¬¯°, ¸ � (¬¯°,-y ¶ (�¯½, À (�¯°,¶ (¬¯°, ¸³¹ (�¯°,·y À (�¯°, ¶ ¹ (¬¯°,
º»
���
´µ $À (¬¯ � ,À (¬¯ � ,

º»
b(2.1)

where �o�§( � b � bK¯½,Z���\( � b � bK¯ � , in localcoordinates.
To prove Proposition2.2assumethat x À (�¯°,�x H w;x�¯�x q with uniform w and _ . Thenx À (�¯ � ,�xk�Xx ¶ (�¯°,�xFx ¸ � (¬¯°,-y À (¬¯°,�xH x ¶ (�¯°,�xÂÁ��Ã(¬¯°,-y
w;x�¯7x qÅÄ�Xx ¶ (�¯°,�¯7x q Á²w;x ¶ x � ? q y%x ¶ (�¯½,�x � ? q ��(¬¯ � ? q , Ä�Xx�¯ � x q ( $ y
��(�¯°,�,iÁ�w;x ¶ x � ? q ySx ¶ (�¯°,�x � ? q ��(�¯ � ? q , Ä H w;x�¯ � x q

for sufficiently large w . Likewise, assumingx À (¬¯°,�x H w;x�¯7x q with uniform w and_Æ8�( � b $ Ä givesx À (¬¯ � ,�xk�Xx ¶ (¬¯°, ¸ ¹ (¬¯°,Zy À (¬¯°, ¶ ¹ (�¯½,�x�Xx ¶ (¬¯°,f¯7x q Á�x ¶ (�¯½,�x � ? q ��(>x�¯7x � ? q ,Zy�w;x ¶ (�¯½,�x ¹ ? qÅÄ�Xx�¯ � x q ( $ y���(�¯½,f,�Á�x ¶ (�¯°,�x � ? q ��(Kx�¯7x � ? q ,Zy
w;x ¶ (�¯°,�x ¹ ? q Ä H w;x�¯ � x q
for sufficiently large w andsufficiently small ¯ .
We returnto thisargumentlater.

To prove Zygmundregularity of thestrongunstablesubbundlewe vary thestrategy
slightly. Insteadof showing that thespaceof w -Zygmundsubbundlesis preservedfor
sufficiently large w , we show that for eachw thereis a w�Ç �S� suchthatrepeatedap-
plicationof thegraphtransformto a w -Zygmundsubbundlealwaysgives w�Ç -Zygmund
subbundles.Sincethespaceof w Ç -Zygmundsubbundlesis closed,this provesthat the
uniquefixedpoint ��� is w Ç -Zygmund.
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Proposition2.3. For each w �È�
there is a w Ç �É�

such that all forward images
underthegraph transformof thespaceof subbundlestransverseto ���§�"� � that arew -Zygmundin local coordinateslie in the spaceof w Ç -Zygmundsubbundlesin local
coordinates.

Proof. Considerasubbundlethatis representedin localcoordinatesas

´µ $ÀÀ
º»

with x À (¬¯°,fy
À (p|4¯°,�x H w;x�¯7x and x À (�¯½,Zy À (�|4¯½,�x H w;x�¯7x for all ¯ in any localcoordinatesystem.

Then x À (�¯ � ,�y À (p|�(�¯ � ,�,�x H x À (�¯ � ,�y À (f(p|4¯°, � ,�xkyÊx À (f(p|4¯°, � ,�y À (p|�(�¯ � ,�,�x , where
the last term is ��(®d ¹ q , for any _ �Æ$

by Proposition2.2 becausex�¯ � yË(�|4¯°, � x��< �~( � b � b>¯°,Zy'�~( � b � b³|4¯½, < �¾��(�¯ ¹ , since� is
� ¹

.
Theothertermis estimatedasfollows:x À (¬¯ � ,·y À (f(p|4¯°, � ,�xÌ�Xx ¶ (�¯°, ¸ � (�¯°,Zy ¶ (�|4¯°, ¸ � (�|4¯°,Zy ¶ (�¯½, À (�¯°,Zy ¶ (�|4¯°, À (p|4¯°,�xH x ¶ (�¯°,�xFx ¸ � (¬¯°,Zy ¸ � (p|4¯°,�x³y%x ¸ � (p|4¯°,�x�x ¶ (¬¯°,o| ¶ (p|4¯°,�xySx ¶ (¬¯°,�x�x À (�¯°,-y À (�|4¯°,�xcySx À (�|4¯°,�xFx ¶ (�¯½,)| ¶ (p|4¯°,�xH x ¶ (�¯°,�x²��(�¯ ¹ ,Zy'��(�¯°,f�Ã(¬¯°,Zy%x ¶ (�¯°,�x w;x�¯7xcy'�Ã(¬¯ q ,p��(¬¯°,H w�( $ y'��(�¯ q ,�,�x ¶ (�¯½,f¯7x��w�( $ y'��(�¯ q ,�,c( $ y���(¬¯°,f,�x�¯ � x��w�( $ y;Í·(�¯°,�,�x�¯ � xWb

with Í·(�¯½,�����(¬¯�qÎ, decreasingin w .

Notethat w�ÇJ�¤�'wÐÏ�Ñ¼ÓÒ2Ô ( $ y`Í·(�¯ �DÕ ,f, �0Ö andall imagesof

´µ $ÀÀ
º»

underthegraph

transformare w Ç -Zygmundin local coordinates.

Corollary 2.4. Let 
 be a 3-manifold, ���2���;
 � 
 a
� �

volume-preserving
Anosov flow. Then���	�
��� is Zygmund-regular.

3. AN OBSTRUCTION TO HIGHER REGULARITY

Theregularity in Corollary2.4 is sharp.It is easyto seethatdifferentiabilityof the
strongstableor unstablefoliation cannotbeexpected.

Lemma 3.1. There is an obstructionto differentiability of thestrongunstablesubbun-
dle.

Proof. SupposeV is aperiodicpointandtake � to beits period.Differentiating(2.1)at
0 gives À Ç ( � , ¶ ( � ,�� ¶ ( � , ¸ Ç � ( � ,Zy ¶ ( � , À Ç ( � , , andhencew�(WV)bf�4,«�¤� ¸ Ç � ( � ,�� � .
Wesharpenthisconclusionsignificantlyin Proposition3.4.

Note that w�(¥V)bp�4, is naturallydefinedasa secondorderpartial derivative of � � in
adaptedcoordinatesat any point V%8¾
 . Thereis a naturalgeometricinterpretation.
Considerthetransversals×"�W�9Ø ¢ (f(p|� ibK K,P� 5 �¨6 �#(p|� ibK K,�, and × Ç �¤��Ø �¨ÙUÚ ¢°Û (�(�|� �bn >,o�



6 PATRICK FOULON AND BORIS HASSELBLATT5 �76 ��(�|� �bn >,�, . Then × Ç ©��o�§(�×�, containslocalstrongstableandunstablemanifoldsof�o�§(¥V2, , but thetwo transversalsarenotusuallyidentical.Asoneseesfromthecoordinate
represenatationof theflow, theobstructiongivestheoff-diagonaltermin theHessianof
the map (�|�±°bn±k, ¹ � � that gives the lengthsof the orbit segmentsbetween× Ç and�o�§(�× Ç , . This can be viewed as the “relative curvature” of imagetransversalversus
original transversal. Lemma4.1 shows that if the obstructionvanisheswe canchoose
transversalssuchthattheimagetransversalsagreeto third order.

Lemma 3.2. w is anadditivecocycle.

Proof. We needto show that w�(¥V)bp�;y"Ü�,I�Ëw�([�P�§(¥V2,>bKÜ�,Py;w�(¥V)bp�4, for all V�8�
 ,�IbKÜ�8Ý� . Writing

= � � ( � b � b>¯°,.�
´µ ¶ ? � � �¸ � $ �¸³¹ � ¶

º»

at V and

= ��ÞZ( � b � bK¯°,��
´µIß¶ ? � � �ß ¸ � $ �ß ¸c¹ � ß¶

º»

at �o�~(WV2, , wefind that

= � � � Þ ( � b � bK¯°,��
´µ à � �ß ¸ � ¶ ? � y ¸ � $ �à � à

º»
Q

Using
ß ¸ � ( � ,�� � thisgives

w�(¥V)bp�
y'Ü�,�� aa7¯ ( ß ¸ � ¶ ? � y ¸ � , x � Ò2Ô �v( aa�¯
ß ¸ � ( � ,f, ¶ ? � ( � ,Zy aa�¯ ¸ � ( � ,� ß ¸ Ç � ( � ,Zy ¸ Ç � ( � ,��¾w�([� � (WV-,>bKÜ�,Zy
w�(®�Ib1V2,>b

asrequired.

Lemma 3.3. Thecohomology classof the longitudinal KAM-cocycleis unaffectedby
coordinatechanges.

Proof. Considercoordinatechangesto coordinatesthat also have our desiredlist of
properties.To seehow thelongitudinalKAM-cocycle changeswe examinethechange
in thedifferentialof �o� entailedby thecoordinatechange.We needonly studypoints
onthestableleaf. To dothecoordinatecalculationsweagreethatthecoordinatechange
transformsvariables(³á­ob á:cb½á¯°, to (+­Pbp:cbK¯°, . Variablesin coordinatesat �o�§(¥V2, aremarked
by asubscript� . At apoint ( � b � b½á¯°, anallowedcoordinatechangehasdifferential´µ·â � �¸ $ �à � â ? �

º»
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andtheinversein coordinatesat �P�@(¥V2, is´µ â ? �� � �
| â ? �� ¸ � $ �à � â � b

º»

with entriesevaluatedat á¯ � . Notethat
â � a-á¯a7¯ . In thesenew coordinatesthedifferential

of �o� at ( � b � b½á¯°, becomes´µ â ? �� � �
| â ? �� ¸ � $ �à � â �

º» ´µ·¶ ? � � �¸ � $ �¸c¹ � ¶
º» ´µ·â � �¸ $ �à � â ? �

º»

�
´µ à � �
| â¨¶ ? � â ? �� ¸ � y â ¸ � y ¸ $ �à à â ? � ¶Pâ �

º»
Q

Notethattherefore
a-á¯ �a-á¯ � â ? � ¶Pâ � .

Thisgives

(3.1)áw�(¥V)bp�4,«�¤� aa-á¯ á¸ � x¥ã� Ò2Ô �¿| â ( � , ¶ ? � ( � , â ? �� ( � , aa-á¯ ¸ � ( � ,Zy â ( � , aa-á¯ ¸ � ( � ,Zy aa-á¯ ¸ ( � ,� aa�¯ ¸ � ( � ,·y aa-á¯ ¸ ( � ,o| a-á¯a2á¯ �
aa-á¯ ¸ � ( � ,���w�(¥V)bp�4,Zy ¸ Ç ( � ,o| ¸ Ç� ( � ,cb

which is cohomologousto w .

Next we show that the longitudinalKAM-cocycle is indeedanobstructionto theregu-
larity of ���	����� beingany higherthanZygmund.

Proposition3.4. If � � �'� � is “little Zygmund”(Definition1.2) thenthelongitudinal
KAM-cocycleis null cohomologous.

Proof. If �����;��� is “little Zygmund”thenthemodulusof continuityis ��(Kx *I� hk� x *.x�x�, .
Let V beany � -periodicpoint. Thenin ourusualcoordinates(2.1)givesÀ (�¯ � ,�� ¶ (�¯½,c( ¸ � (¬¯°,Zy À (¬¯°,f,�� ¶ ( � ,³( $ y���(�¯½,f,³( ¸ Ç � ( � ,f¯§y
��(�¯°,Zy À (�¯°,�,>Q
Since

¶ (�¯°,�� ¶ ( � ,³( $ y¦��(¬¯°,f, and ¯ � � ¶ ( � ,�¯.y��Ã(¬¯ ¹ , wefind, writing
¶ �¤� ¶ ( � , , thatÀ ( ¶ ¯½,.� À (�¯ � ,c( $ y
�7(¬¯ ¹ � h\� x�¯7x�,f,� ¶ ( $ y
��(�¯°,�,c( ¸ Ç � ( � ,f¯§y
�7(¬¯°,Zy À (¬¯°,�,.� ¶ ([w�(WV)bf�4,f¯§y À (¬¯°,Zy
��(�¯°,�,>Q

Recursively, thisgives

À ( ¶oä ¯°,�� ¶oä (®å·w�(¥V)bp�4,�¯§y À (�¯°,Zy ä ? �æ ¼ÓÒ2Ô ¶ � ? ¼ �7( ¶ ¼ ¯°,f,cQ
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Sincethetermsof thesumconvergeto 0 we get ç ä ? �¼®Ò2Ô ¶ � ? ¼ �7( ¶ ¼ ¯°,fè°åé� �
as åê� Ö

.
Therefore,

� � �Fë�ìäDí Ñ
À ( ¶ ä ¯°,¶ ä ¯-� hk� ( ¶ ä ¯½,

� ��ëFìäDí Ñ Á å·w�(WVobp�4,å�� h\� ¶ y�� h\� ¯ y
À (�¯°,¶ ä ¯Z� h\� ( ¶ ä ¯°, y ç

ä ? �¼®Ò2Ô ¶ � ? ¼ �7( ¶ ¼ ¯°,¯Z� h\� ( ¶ ä ¯°, Ä � w�(¥V)bp�4,� hk� ¶ b
so w�(WV)bf�4,�� � .

4. VANISHING OF THE OBSTRUCTION

We now begin to studywhathappenswhenthelongitudinalKAM-cocycle is trivial.
As afirst stepweshow thatthisallowsmoreperfectlyadaptedcoordinatesystems.

Lemma 4.1. If the longitudinal KAM-cocycleis a coboundarythenthere are nonsta-
tionary local coordinatesin which it vanishesidentically.

Proof. If the longitudinalKAM-cocycle is null-cohomologousthenthereis a smooth�§�2
 � � suchthat w�(¥V)bp�4,����2([�P�§(WV2,�,{|"�2(¥V2, for all V�8�
 , �î8�� . With the
notationsfrom theproofof Lemma3.3defineacoordinatechangeat V by´µ ­ :¯

º»
�
´µ á­á:·y;�2(¥V2,½á­�á¯á¯

º»
Q

In thesenew coordinates áw�(WV)bf�4,�� � for all V�8}
 , :~8Ý� by (3.1).

The first direct consequenceof the existenceof suchcoordinatesis that in this case��ï9����� is Lipschitzcontinuous.

Proposition4.2. If the longitudinal KAM-cocycleis a coboundarythen � � �¿� � is
Lipschitzcontinuous.

Proof. We combinetheargumentsof Proposition2.2andProposition2.3,usingthatin
our new coordinatesthe cocycle is trivial, i.e.,

¸ Ç � ( � ,�� � in (2.1), so
¸ � (¬¯°,��u�Ã(¬¯ ¹ , .

Assumethat x À (�¯°,�x H w;x�¯7x with uniform w . Thenthefirst calculationin Proposition2.2
becomes

x À (¬¯ � ,�xÌ�Êx ¶ (¬¯°,�x�x ¸ � (¬¯°,Zy À (¬¯°,�x H x ¶ (¬¯°,�xW([��(¬¯ ¹ ,Zy
w;x�¯7x�,�v([wsy'��(�¯°,�,�x ¶ (�¯°,�¯7xÌ��w�( $ y'Í·(¬¯°,f,�x�¯ � x¤b
with ÍZ(¬¯°,	�]��(�¯°, decreasingin w . Togetherwith theargumentfrom Proposition2.2
for
ßÀ , whichworksfor _ð� $ , this impliesLipschitzcontinuityasin Corollary2.4.
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5. SMOOTHNESS

Wenow show thatLipschitzcontinuityimpliessmoothness.

Proposition5.1. If thevolumepreservingAnosov flowis
� �

andthesubbundle ���e�����
is Lipschitzcontinuous,then � � ��� � is

��� ? � .
Proof. By theLivshitzhomologicaltheorem[L] thereis a

���
invariantvolumeform ñ .

Thecanonicalinvariantone-formò associatedto theflow by

ò (P/��,�� $ b ò ([� � ��� � ,.� �
is Lipschitzcontinuous,andweaimto prove thatit is

� � ? � .
In local chartsasin Lemma2.1wehave

ò0��a\:·y ! (+­ob>¯°,�a�¯@y�ó~(+­ob>¯°,�aN­ob
where

!
and ó areLipschitz-continuousfunctionsindependentof thevariable : . Then

theAnosov vectorfield ôÉ� /�M(���õ A , is in thekernelof theintegrable2-form aDò and
the ö � 3-form ò'÷ÝaNò is alsoflow invariant.By ergodicity thereis a wÈ8Ý� suchthat

ò'÷ÝaNò a.e.�øwêñÎb
with respectto the invariantmeasureassociatedto ñ . Equivalently, aNò a.e.� ù , withù0��wêñ	(1ô�bi^¤, a

� �
invariant2-form. Weclaimthat ù is exact.

We usethat theclassicalStokesTheoremholdsfor Lipschitzcontinuousforms [P]:
Let úcû , ü�8'Á¤|� �bn  Ä bea family of regulardisjoint 2-cyclessuchthat Á²ú³û Ä �%ú�8�_ ¹ ([
v,
andset ×X�0ý A¬þeÿ�?�� � � � ú³û . By theFubini theorem

�\ �^���([úi,�� � �
?���� �
	�� ù�
-a¨ü�� �
� a¨üÅ÷�ù0� ��� aDüI÷ÝaDò¾� � �

?���� ��	�� aNò�
ZaDü�� � b
and ù is exact.

Therefore,thereisa
� �

one-form áò suchthat ù0��a áò . ThentheLipschitz-continuous
1-form ò0| áò is almosteverywhereclosed.Choosea referenceRiemannianmetric � .
Using thesametypeof Fubini-Stokesargumentthereexist a � -harmonic1-form _ in
thesamecohomologyclassanda1-form � suchthat

ò�| áò0��_sy��.b a�� a.e.� � b ��� �}� �
for any 1-cycle � . Weaimto show that � is exact,but insteadof usingthesametrick as
beforewewill bemoreexplicit to gethigherregularity.

In adaptedlocal coordinatesat V�8�
 denoteby Á � bf* Ä , *'� (®­Pbp:cb>¯°, , the imageof
thesegmentby thecorrespondinglocal chart.Introducefor any ú	8M� a localLipschitz
contiuousfunction L

	
¢ (1*-,P�¤��ú�y �

ÿ Ô ��� � �.Q
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For every * , � andsmall   theStokesTheoremgivesL
	
¢ (+* y
 �� ,o| L 	¢ (1*2,�� �

ÿ ��� � � �! � �M| �
�#" a$�.b

where � � is theorientedtriangle ( � bf*obf*Ãy� �� , . Then a L
	
¢ (+*-,c(!� ,Å�%��(+*-,c(!� , for almost

every * and � . Sincetheintegral of � alongany closedcurve vanishesthereis a global
function

L
thatlocally coincideswith oneof thefunctions

L
	
¢ , i.e.,

ò a.e.� áò'y�_sy�a L Q(5.1)

Weconcludetheproofby showing that a L is
� � ? � .

UsingtheAnosov vectorfield andthedefinitionof thecanonical1-form ò wewrite$ | áò (+ôé,o|�_�(1ôé, a.e.�øa L (+ôé,>Q
Thetermsontheleft are

���
, soby themeasurableversionof theLivshitzTheoremthere

existsa
� �

boundary̧ �B
 �Æ� suchthat$ | áò (+ôé,o|�_�(1ôé,.��a ¸ (1ôé,>Q
This in particularmeansthattheLipschitz-continuousfunction &��¤� ¸ | L satisfiesa$&J(1ôé, a.e.� � Q(5.2)

We show thatthis impliesflow-invarianceof & . ChooseVé8ê
 andanadaptedchartin
which theAnosov vectorfield ô is expressedas õ A . Assumethereare * Ô �v(®­ Ô bp: Ô b>¯ Ô ,
and :£8�� suchthat &U([� A (+* Ô ,�,)|'&J(1* Ô ,�3� � . By continuitythereis anopenset r in the
transversal

5 (+­obf: Ô bK¯°, 6 suchthat� � �
ï ((&J(�� A (+­obp: Ô bK¯°,�,o|'&U(+­obf: Ô bK¯°,�,7aN­4a7¯�� �

ï*) � A!+ � AA!+ a�&U(1ô�(®ù�,�,�a\ù-,·aN­Ua7¯Nb
contraryto (5.2).

Invarianceandergodicity imply that & is constant(everywhereby continuity),which
implies a ¸ � a L . This concludesthe proof: We have shown that ò�� áò%y0_�y¾a ¸
becausebothsidesof (5.1)arecontinuous.Thus òË8 � � ? � andsoits kernel �����
���
is
� � ? � .

By a theoremof Plante[Pl], invarianceof suchasmoothform impliesthedichotomyin
5. of Theorem1.3.Thiscompletestheproofof Theorem1.3
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