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Chapter 3

Generalized Eigenvectors;

Jordan Form

In this section, we consider the case when the geometric multiplicity mg(λ) of
an eigenvalue λ, is less than the algebraic multiplicity ma(λ). We will omit the
functional dependence of these 2 numbers when it’s obvious which eigenvalue we’re
speaking about. Our goal is to get to question of what type of matrix factorization
is a suitable surrogate in this case when A is not diagonalizable. And we want the
factorization to be fundamental in the sense that it will reveal the most elemental
invariant subspaces through the decomposition8.

Although more general operators between finite dimensional spaces have eigen-
values and eigenvectors, we are appealing to the fact that it suffices to consider the
matrix of the transformation as we showed in the first half of Chapter 2, and hence
we will be dealing only with such matrices here.

NOTE: Throughout this section, we will always assume that the map L(x) :=
Ax is a mapping from Cn to Cn, regardless of whether or not A is real valued.

3.1 Triangular Form

We will make use of the following theorem, which is a restatement/compilation of
Theorems 2.14 and Corollary 2.15 in the previous chapter.

Theorem 3.1 (Triangular Form). Given a square matrix A, we can always find
a similarity transformation to upper triangular matrix T̃ such that

• M̃T = S−1AS is upper triangular and

• The diagonal entries of T̃ are ordered in clusters corresponding to the s distinct
eigenvalues; that is T̃ can also be thought of as block upper triangular with
upper triangular blocks Tii on the diagonal, with Tii corresponding to λi.
Each Tii has size mi ×mi (where mi = ma(λi) and it will have λi appearing
on the diagonal (see picture, Corollary 2.15).

8Recall that for a diagonalizable matrix, each individual eigenvector spans a 1-dimensional
invariant subspace, so we would get Cn = V1 ⊕ V2 ⊕ · · · ⊕ Vn where Vi = Span(vi).
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54 Chapter 3. Generalized Eigenvectors; Jordan Form

Next, Theorems 2.16 and Corollary 2.17 are used to show that T̃ is similar
to an block diagonal matrix T with s blocks on the diagonal, where each diagonal
block Tii is mi ×mi and is upper triangular with λi appearing on the diagonal of
Tii.

The two facts combine to give us the key to this section:

First Key Result: A is similar to block upper triangular matrix T (i.e. A =
WTW−1with s upper triangular blocks Tii whose sizes are determined by the alge-
braic multiplicities of the s distinct eigenvalues, andTii = λiI+strictly upper triangular part.

Why is this a key result? First, because it means that it is sufficient to analyze
the eigenvalues and their algebraic and geometric multiplicities of A by analyzing
the individual upper triangular blocks Tii.

Definition 3.2. An eigenvalue λi is called defective if its geometric multiplicity
mg(λi) is strictly less than its algebraic multiplicity ma(λi).

Now each upper triangular block Tii corresponds to a single distinct eigen-
value, and the eigenvalue is repeated exactly ma(λi) times along the diagonal - that
is, the algebraic multiplicity is ma(λi) by construction. When is this eigenvalue
defective? We need to find

mg(λi) = dim(N(Tii − λiI)).

In looking at finding the basis for that space (and hence the dimension), you look to
row reduce Tii−λiI so you can find the vector parametric form of (Tii−λiI)x = 0.
Thus, mg(λi) < ma(λi) if the number of free variables is not equal to the number
of columns in the matrix, that is, if the number of free variables is not equal to
ma(λi). But this will happen precisely when the strictly upper triangular part of
Tii − λiI has some non-zero entries.

So, the moral of the story is, if we find that any of the Tii is not a diago-
nal matrix (i.e. it has non-zeros in the strictly upper triangular part), then λi is
defective and hence A is not diagonalizable.

Now, there must be at least one independent eigenvector for each Tii, hence,
by reverse engineering, there are at least s (recall s is the number of distinct eigenval-
ues ofA) independent eigenvectors forA. But once we know that A is not diagonal-
izable, we know that there are not enough eigenvectors to span Cn. Recall that our
goal is to find a basis for Cn that will reveal the most elemental invariant subspaces.
For a diagonalizable matrix, each individual eigenvector spans a 1-dimensional in-
variant subspace, so for each independent vi we would set Vi = Span(vi) to get
Cn = V1 ⊕ V2 ⊕ · · · ⊕ Vn. In the non-diagonalizable case, we only have so many
independent eigenvectors. Thus we need to “augment” the collection of indepen-
dent eigenvectors with other special vectors that will be independent from those
eigenvectors we do have, yet provide us with the most reduced way of decompos-
ing Cn into A′s invariant subspaces. To this end, we turn to matrix polynomials
and something called generalized eigenvectors to see if they will shed some light on
where to pick up the extra vectors that we need to do what we want.
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3.2. Matrix Polynomials 55

3.2 Matrix Polynomials

For a more complete review of the relevant material in an operator theoretic setting,
see beginning part of 2.1. This highlights key nuggets from Chapter 2.1.

Let p(t) = α0 + α1t + α2t
2 + · · ·+ αkt

k be a polynomial of (finite) degree k.
(For the most general case, we’re thinking the coefficients could be complex valued.)
Then p(A) = α0I+ α1A+ α2A

2 + · · ·+ αkA
k is well defined, and p(A) defines a

linear operator from Cn to Cn.
In particular, note that A− λI (for fixed λ) is a polynomial of degree 1, and

(A− λI)k is a polynomial of degree k.
Now due to the first key result above, we have another key result:

Second Key Result (A−λiI)
k = W(T−λiI)

kW−1, and (T−λiI)
k is still block

diagonal with diagonal blocks of the form (Tii − λiI)
k, the latter STILL9 upper

triangular.
The reason this result is significant is covered in the next subsection – namely,

we will want to use generalized eigenvectors of A to augment our eigenvectors to
find our invariant subspaces. But because of this 2nd key result, it is going to be
sufficient to consider generalized eigenvectors of the blocks of T.

3.3 Generalized Eigenvectors

Definition 3.3. A generalized eigenvector for eigenvalue λ is a solution to
(A− λI)kx = 0.

Theorem 3.4. All eigenvectors of A corresponding to eigenvalue λ are also gen-
eralized eigenvectors corresponding to λ

Proof. Assume k > 1, otherwise this isn’t interesting. Let x be an eigenvector
corresponding to λ. Then by definition, x statisfies (A−λI)x = 0. Since for k > 1,

(A− λI)kx = (A− λI)k−1(A− λI)x = (A− λI)k−10,

we have the desired result.

Note the immediate corollaries: N(A−λI) ⊂ N
(

(A− λI)2
)

⊂ · · ·N
(

(A− λI)k
)

.
This of course tells us something about the dimensions of those spaces relative to one
another, too, but we’d like to be able to say something more concrete to have this
new knowledge be useful in constructing a very particular set of bases for invariant
subspaces.

From the Second Key result above, we might as well analyze generalized eigen-
vectors of T instead, since if x is a generalized eigenvector of T, we have that the
generalized eigenvectors of T are related to those of A by a straightforward change
of coordinates. (You should be able to prove this!)

9The fact that a the product of upper triangular matrices is still upper triangular is straightfor-
ward, though a bit tedious, and is omitted – but often is a required proof in a course on numerical
linear algebra.
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56 Chapter 3. Generalized Eigenvectors; Jordan Form

Furthermore, since T is block diagonal, we need only examine the generalized
eigenvectors of the individual blocks. Why? Well, if (Tii − λiI)

kz = 0, and we
define x to be a length-n vector with 0’s up until index fi, then fill rows fi to `i
with z, then pad the rest of x with zeros, we get that (T− λiI)

kx = 0.

3.4 Nilpotent Matrices

Definition 3.5. An nilpotent matrix A is an n×n matrix such that there exists
a finite power k ≤ n for which Ak = O.

We want to argue that (Tii − λiI) is an nilpotent matrix (the fact that it is
λi I’m subtracting from the diagonal of the ith block is relevant here.)

Note Tii − λiI is strictly upper triangular, that is, it must have 0’s on its
diagonal, due to the structure of Tii (see key results).

For a particular λi, we have only two possibilities:

1. The mg(λi) = ma(λi), and so Tii − λiI = O (all variables in the solution of
(Tii − λiI)x = 0 are free variables).

2. We have mg(λi) < ma(λi), and so (Tii−λiI)x = 0 has exactly ma−mg pivot
variables and mg free variables, and the pivots clearly appear above the main
diagonal.

Exercise 3.1. Prove the above

The first case isn’t interesting, because it’s obviously nilpotent. So consider
the 2nd case, but so that we don’t get lost in all the subscripts, we’ll talk more
generally about strictly upper triangular matrices of size n× n.

Assume B is a square, strictly upper triangular matrix. Then b1 = 0, b2 ∈

Span(e1), b3 ∈ Span(e1, e2), ... bn ∈ Span(e1, . . . , en−1). That is, for each column

i, bi =
∑i−1

j=1 α
(i)
j ej , and when i = 1, we take b1 = 0.

Throughout the remaining discussion, we will be capitalizing on an important
fact: Bei = bi, that is, applying B to the ith column of the identity matrix pulls
out the iths column of B.

Now

B2 = BB = [Bb1,Bb2, . . . ,Bbn].

It should be clear after a moment’s consideration that the first column of B2 is
a zero vector, and the 2nd column must also vanish, since Be1 = β1 = 0. The
third column of B2 is Bb3, where b3 ∈ Span(e1, e2). So the product is a linear
combination of the first and 2nd columns of B, which means (Bb3) ∈ Span(e1).

In fact, the fourth a linear combination of e1, e2, the fifth a LC of ve1, e2, e3,
and the nth a linear combination of e1, . . . , en−2 – each column of B2 is a vector in
a space spanned by one less unit vector than the corresponding column in B.

But B3 = B2B, and we just said that B2 has its first 2 columns as columns
of zeros. So B2 applied to any linear combination of e1 and e2 will vanish! But the
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2nd and 3rd columns of B are linear combinations of e1, e2. Thus, the first through
third columns of B3 must be zero. The fourth column is a linear combination of
e1, the fifth of e1, e2, etc, the nth a linear combination of e1, . . . , en−3. Note this
form for B3 also means the main, 1st, and 2nd super diagonals are all zeros, and
any non-zeros must reside on the 3rd super diagonal or above.

Continuing this argument, it’s clear that in the worst case, Bn must have all
zero columns. Furthermore, if the first superdiagonal already has some zeros, then
there must exist a k < n for which Bk = O, since some of those linear combinations
mentioned become trivial.

Coming back to Tii − λiI, it’s clear it must be nilpotent, the power for which
this happens is at worst ma, the size of Tii, which would be in the case that all
entries in the first super diagonal have non-zeros in them, that is, (Tii − λiI)x = 0
has ma−1 pivot variables (hence the geometric multiplicity is 1). Note that ma−1
is equal to the total number of elements on the first super diagonal of this matrix.

If the geometric multiplicity is 2, then (Tii − λiI)x = 0 has ma − 2 pivot
variables, and it follows that the first super diagonal must have a zero in it some-
where. Say that occurs in position (j − 1, j), j ≥ 2. So bj ∈ Span(e1, e2, . . . , ej−2)
(note this means the jth column has max j − 2 non-zeros, in rows 1 to j − 2). The
argument above allows us to see that it only takes raising Tii − λiI to the j − 1st
power for column j (and all those to the left) of the result to vanish. And hence,
(Tii − λiI)

ma−1 = 0.
And so a little more work leads us to

Key Result 3 The smallest k, call it k∗, for which (Tii − λiI)
k+1 = O is k∗ =

ma(λi)−mg(λi).

Key Result 4 For 1 ≤ j ≤ k∗, dim(N((Tii − λiI)
j+1) = dim(N((Tii − λiI)

j) + 1.
Finally, note that e1 must be an eigenvector of Tii. PROVE THIS!

3.4.1 A Basis for an Invariant Subspace: Case Study

3.5 Application


