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Chapter 4

Inner Product Spaces and

Normed Spaces

In the following all vector spaces are assumed to be over the real or complex field.

4.1 Inner Products and Inner Product Spaces

Definition 4.1. Let V be a complex or real vector space. The function f : V ×V →
C (orR) is an inner product if it satisfies the following properties for all vectors
x,y, z ∈ V and all scalars α, β ∈ C (orR).

1. f(x,x) ∈ R ≥ 0 and f(x,x) = 0⇔ x = 0,

2. f(x+ y, z) = f(x, z) + f(y, z),

3. f(αx, z) = αf(x, z),

4. f(z,x) = f(x, z) (for a real vector space f(z,x) = f(x, z)).

Definition 4.2. A vector space with a particular inner product defined on it is
called an inner product space, sometimes a real or complex inner product space
depending on the field over which the vector space is defined.

Exercise 4.1. Show that the following two properties also must hold for an inner
product space:

• f(x, αz) = αf(x, z).

• f(x, z+ y) = f(x, z) + f(x,y).

Example 4.1. A first example is the real or complex (standard) Euclidean inner
product over Rn or Cn:

x, y ∈ R
n : 〈x, y〉 = yTx =

n∑

i=1

xiyi.
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60 Chapter 4. Inner Product Spaces and Normed Spaces

x, y ∈ C
n : 〈x, y〉 = yHx =

n∑

i=1

xiȳi.

We show the properties for the complex case, x,y ∈ Cn and α ∈ C (Note that
this constitutes a proof that the Euclidean inner product is indeed an inner product).

1. 〈x,x〉 = xHx =
∑n

i=1 xix̄i =
∑n

i=1 |xi|
2 ≥ 0.

Moreover, 〈x,x〉 =
∑n

i=1 |xi|
2 = 0⇔ xi = 0 for i = 1, . . . , n⇔ x = 0.

2.

〈x+y, z〉 = zH(x+y) =

n∑

i=1

(xi+yi)z̄i =

n∑

i=1

(xiz̄i+yiz̄i) =

n∑

i=1

(xiz̄i)+

n∑

i=1

(yiz̄i) = 〈x, z〉+〈y, z〉.

3. 〈αx, z〉 = zH(αx) =
∑n

i=1(αxi)z̄i = α
∑n

i=1 xiz̄i = α〈x,x〉.

4. 〈z,x〉 =
∑n

i=1 x̄izi =
∑n

i=1 xiz̄i = 〈x, z〉.

We will typically use the notation 〈., .〉 for the Euclidean inner product. BE-
WARE: We can define different inner products over the same vector space (resulting
in different inner product spaces – a vector space with an inner product defined on
it). As we will see later, we often want to use an inner product with certain desirable
properties for the problem at hand.

Hence, we will wish to consider some alternative inner products over Rn, such
as the following.

Example 4.2. For any nonsingular matrix A ∈ Rn×n the function 〈x,y〉ATA =
〈Ax,Ay〉, where the latter is the standard inner product applied to Ax and Ay, is
an inner product (the proof is left as an exercise).

Example 4.3. A very useful inner product (related to the last) can be defined for
so-called symmetric, positive definite matrices (we discuss those in much more de-
tail in Chapter 5). Remember that the matrix A is symmetric if AT = A. A matrix
A ∈ R

n×n is positive definite if for all nonzero x ∈ R
n xTAx > 010. If A is sym-

metric, positive definite (SPD) we define the A-inner product as 〈x,y〉A = yTAx.
Note that with this inner product defined, the definition of positive definiteness can
be given as satisfying for all nonzero x ∈ Rn, 〈x,x〉A > 0. Again we leave the proof
as an exercise.

Exercise 4.2. Prove that 〈·, ·〉ATA is an inner product on Rn as long as A is
square and non-singular.

Exercise 4.3. Prove that 〈·, ·〉A is an inner product (on Rn) when A is symmetric
positive definite.

10Some authors use the term positive definite to imply symmetry as well. We define positive

definiteness independent of the symmetry of a matrix.
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4.1. Inner Products and Inner Product Spaces 61

Exercise 4.4. For A SPD prove that (1) A−1 exists and (2) that 〈·, ·〉A−1 is an
inner product.

Example 4.4. Consider the space of all real-valued continuous functions on the
closed interval [a, b], denoted C[a, b]. Let f(t), g(t) ∈ C[a, b]. Then we can show
that

〈f, g〉L2[a,b] =

∫ b

a

f(t)g(t)dt

is a valid inner product on that space. We call it the L2[a, b] inner product.
For those of you who have taken a graduate-level real analysis course, you

should be aware that there are functions which are not continuous on [a, b], but for

which
∫ b

a
f2dt is well defined and finite. Such functions are called “square inte-

grable”. The space of square integrable functions on [a, b], equipped with the L2[a, b]
inner product is indeed an inner product space. (Note that C[a, b] ⊂ L2[a, b].)

Example 4.5. Consider P1, with a standard basis B = {1, t}. We will show that
the following defines a valid inner product on this space:

〈p, q〉 := [q]TB [p]B.

• Let p(t) = a0+a1t be arbitrary. Since 〈p, p〉 = [p]TB [p]B = a20+a21, this quantity
is clearly greater than or equal to zero. It is zero iff both a0 and a1 are 0, in
which case p is the zero polynomial (which is the 0 of the vector space).

• Let p(t) = a0 + a1t, q(t) = b0 + b1t, z(t) = c0 + c1t be arbitrary vectors. Then

〈p+ z, q〉 = [b0, b1]

(
(a0 + c0)
(a1 + c1)

)

= [b0, b1]

(
a0
a1

)

+ [b0, b1]

(
c0
c1

)

= 〈p, q〉+ 〈z, q〉

• Let p(t), q(t) arbitrary as before, and c ∈ R. Then

〈cp, q〉 = [b0, b1]

(
ca0
ca1

)

= c[b0, b1)

(
a0
a1

)

c〈p, q〉

• Let p(t), q(t) arbitrary as before, then 〈p, q〉 = 〈q, p〉 easily follows from the
fact that for two vectors a,b in R2, bTa = aTb.

Example 4.6. Consider the vector space R2×2. We are interested in determining
if 〈A,B〉 := trace(BTA) defines a valid inner product for this vector space. (The
trace of a square matrix is the sum of the diagonal entries of a matrix).
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62 Chapter 4. Inner Product Spaces and Normed Spaces

To work this problem, it’s easiest to partition A into its columns a1, a2 and B

into its columns b1,b2, and then see that the entries of BTA consist of individual
vector-wise (in R

2) inner products:

BTA =

(
bT
1

b
T
2

)
(
a1 a2

)
=

(
bT
1 a1 bT

1 a2

b
T
2 a1 b

T
2 a2

)

.

So trace(BTA) = bT
1 a1 + bT

2 a2.

• Setting B = A in the above, we get 〈A,A〉 = aT1 a1 + aT2 a2, the latter clearly
non-negative. Since the standard inner product on R2 satisfies 〈v,v〉 = vTv is
non-zero iff v = 0, and our new proposed inner product on R2×2 consists of the
sum of two such terms, it follows that 〈A,A〉 = 0 iff A = [a1, a2] = [0,0] = 0.

• Next,

〈A+C,B〉 = b
T
1 (a1 + c1) + b

T
2 (a2 + c2)

= bT
1 a1 + bT

2 a2 + bT
1 c1 + bT

2 c2

= < A,B > + < A,C >

• Also 〈cA,B〉 = bT
1 (ca1) + bT

2 (ca2) = c〈A,B〉 since scalars can be pulled out
front of the individual vector inner products, and the same scalar appears in
each term of the sum.

• Finally, 〈A,B〉 = 〈B,A〉 follows from the fact that the individual vector inner
products satisfy a symmetry property.

Aside. This last example brings up an interesting aside. The “vec” of an m × n

matrix is a vector of length mn; that is, vec(A) =








a1

a2

...
an







. Note that in the last

example, trace(BTA) = (vec(B))T (vec(A)).

Definition 4.3. Given an inner product on a vector space V , we say that two
vectors v,u ∈ V are orthogonal if their inner product is zero. IMPORTANT: if
you change the inner product on a vector space, you may not preserve orthogonality!
For example, if V = P1, and given p, q ∈ V , if they are orthogonal in the inner
product defined in Example 4.5, it does NOT neccesarily mean they are orthogonal
in, say, the L2[a, b] inner product. Indeed, P1 equipped with the Example 4.5 inner
product is a different inner product space than P1 equipped with the L2[a, b]
inner product.
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4.2. Norms and Normed Spaces 63

4.2 Norms and Normed Spaces

In order to measure the magnitude (often referred to as “length”) of vector quan-
tities, we introduce the concept of a norm.

Definition 4.4. Let V be a complex or real vector space. The function f : V → R

is a norm if it satisfies the following properties for all vectors x,y, z ∈ V and all
scalars α, β ∈ C (orR).

1. f(x) ≥ 0 and f(x) = 0⇔ x = 0,

2. f(αx) = |α|f(x, z),

3. f(x+ y) ≤ f(x) + f(y).

The third property of a norm is called the triangle inequality.
We note that this definition of norms allows for great freedom in defining

norms. We can use this to our advantage in proving properties of interest. However,
we should also realize that not every norm is equally useful for each purpose. In
practical applications, for example, we need to make sure that we estimate errors
in a norm that is suitable. A vector space with a norm defined on it is called an
normed space. In this respect (and similar to inner product spaces that reference
the same vector space, but are defined with different inner products) normed spaces
can be different even if they have the same elements (vectors).

Next, we show an important property of norms as functions.

Theorem 4.5. Let V be a normed vector space with norm f , and let x and y be
any two vectors from V . Then |f(x)− f(y)| ≤ f(x− y).

Proof. We have f(x) = f(x − y + y) ≤ f(x − y) + f(y). This is equivalent with
f(x)− f(y) ≤ f(x− y). Analogously, we have f(y)− f(x) ≤ f(y− x) = f(x− y).
This implies −f(x−y) ≤ f(x)−f(y). Together, this gives |f(x)−f(y)| ≤ f(x−y)

Note this implies that f as a function is (Lipschitz) continuous when using f

(also) as a norm on the vector space V and using the absolute value as a norm (or
metric) on the real line.

Definition 4.6. Given a normed vector space, and v in that normed space, the
vector is said to have unit length if ‖v‖ = 1. If v 6= 0, then ṽ = 1

‖v‖v will have

unit length (show this!), and forming ṽ is called “normalizing” the vector v to have
unit length.

Now, there is one particular way that one can come by a norm – define a norm
in terms of a valid inner product:

‖v‖ :=
√

〈v,v〉.
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64 Chapter 4. Inner Product Spaces and Normed Spaces

The first and 2nd conditions for a norm follow easily based on what we know about
inner products. The triangle inequality is a bit tricky. We get

‖v+w‖2 = 〈v +w,v +w〉

= 〈v,v〉+ 〈w,w〈+〈v,w〉+ 〈w,v〉

= ‖v‖2 + ‖w‖2 + 〈v,w〉+ 〈v,w〉

= ‖v‖2 + 2Re(〈v,w〉) + ‖w‖2

≤ (‖v‖+ ‖w‖)2

where the last inequality follows from the Cauchy-Schwartz inequality11 and the
definition of norm as that induced by the inner product.

It is important to note, however, that there do exist norms that are not defined
by inner products on that vector space. Some important examples follow.

Example 4.7. The p-norm (1 < p <∞) on Cn (Rn) is defined as

‖v‖p = (

n∑

i=1

|vi|
p)1/p

When p = 2, this norm is induced by the Euclidean inner product, but for p 6= 2,
that is not the case. Note that when vi is complex, |vi| means

√

Re(vi)2 + Im(vi)2.

Example 4.8. For v ∈ C
n, ‖v‖∞ = maxi=1,...,n |vi|. Again, this norm is not

defined in terms of an inner product, but can be shown to be a valid norm.

Exercise 4.5. Let V = R2. Sketch the “unit sphere” for p = 1, 2,∞ and a few
values of p in between.

Example 4.9. Consider the vector space Cm×n (Rm×n). Recall that an m × n

matrix acts on vectors in Cn (Rn) through matrix-vector multiplication. We define
a class of matrix norms, induced by vector norms, then as follows:

‖A‖p = max
‖x‖p=1

‖Ax‖p.

That is, the matrix norm (for fixed p) is the maximum amount of stretch, as mea-
sured in the vector p-norm, that A can induce on a vector of “unit” (in the p norm)
length. When p = 1, it can be shown that ‖A‖1 = maxi=1..n ‖ai‖1, whereas for
p =∞, we can show ‖A‖∞ is the maximum, over all m rows, of the 1-norm of the
rows of A.

11This famous inequality states that |〈v,w〉|2 ≤ 〈v,v〉〈w,w〉. We will prove it after we discuss

orthogonal projection.
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4.3 Orthogonal Projection

As noted above, for a given inner product, two vectors in the inner product space
are called orthogonal if their inner product is 0.

Definition 4.7. Let v 6= 0 ∈ V , and 〈·, ·〉 an inner product on V . Unless other-
wise specified, we’ll assume that V has finite dimension. Let H = Span(v). The
dimension of H is 1. The orthogonal projection of any other vector w ∈ V on
H is given by

LH (w) =
〈w,v〉

〈v,v〉
v.

Note that the LH (w) is still a vector in V , but most importantly, it is a scalar
multiple (the fraction out in front is a number that can be computed if you are given
the inner product, v, and w) of v and therefore it is in the subspace H. Note that
LH (v) = v - that is, the orthogonal projection of v on the 1-dimensional space
spanned by v is itself.

Exercise 4.6. Show that LH : V → H is a linear transformation.

Exercise 4.7. Let V = P1, equipped with the L2[−1, 1] inner product. Let q(t) =
2− 3t and p(t) = 1 + t. Let H = Span(p). Find LH (q).

Theorem 4.8. Let LH be defined as above, and note

w = (I − LH + LH)(w) = (I − LH)(w)
︸ ︷︷ ︸

ŵ

+LH(w).

Then ŵ is orthogonal to LH(w).

Proof. We show the inner product of the two quantities must be zero:

〈ŵ,LH(w)〉 = 〈w − LHw,LHw〉

= 〈w,
〈w,v〉

〈v,v〉
v − 〈

〈w,v〉

〈v,v〉
v,
〈w,v〉

〈v,v〉
v〉

=
〈w,v〉

〈v,v〉
〈w,v〉 −

∣
∣
∣
∣

〈w,v〉

〈v,v〉

∣
∣
∣
∣

2

〈v,v〉

= 0


