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Chapter 6

Singular Value
Decomposition

In this section, we again appeal to the fact that every linear transformation can be
identified with a corresponding matrix of the transformation, A. So it sufficies to
study what’s going on with these matrices.

6.1 Matrix 2-norm and Frobenius norm

Previously, we defined norms in terms of inner products on vector spaces. The space
Cm×n is also a vector space. Consider the following inner product definition:

<A,B> =

m∑

i=1

n∑

j=1

B̄ijAij =

n∑

j=1

B∗
:,jA:,j ,

so it’s basically the sum of the inner products of corresponding columns of the
matrices A and B.

Exercise 6.1. Show that this is a valid inner product.

Exercise 6.2. The trace of a matrix is the sum of the diagonal entries in the
matrix. Show that <A,A> = trace(A∗A).

In particular, we have that <A,A> =
∑∑

|Aij |
2.

From this, we will define the Frobenius norm:

‖A‖F =
√

<A,A> =
√∑∑

|Aij |2.

This is slightly annoying when A is dense, but if the matrix is diagonal, the double
sum collapses to a single sum.

It is also possible to use standard vector norms to induce matrix norms. In
this class, we will consider only one such example, called the matrix 2-norm.

Define ‖A‖2 = max‖x‖2=1 ‖Ax‖2. Since x has unit length, it is on the unit
ball. Multiplication by A is a linear transformation. Thus, the 2-norm measures
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86 Chapter 6. Singular Value Decomposition

the maximum amount of stretch possible by the transformation when applied to
elements on the unit ball.

6.1.1 Motivation for SVD in terms of Semi-Positive Definite
Matrices

In the previous chapter, we observed a powerful thing about Hermitian matrices:
they are always unitarily diagonalizable. In other words, when A is Hermitian (note
this obviously means A is square), it is possible to find unitary matrix V , diagonal
matrix (with real entries) D such that

A = VDV∗.

Moreover, if the matrix is also positive definite or positive semi-definite, then the
entries on D are non-negative. In theory, they can occur in any order, but if we
want to permute the ordering, we can. Let P denote a permutation matrix (i.e.
identity with rows swapped around). Then PP∗ = I = P∗P and so by inserting a
judicious choice of representation of the identity matrix we get

A = VP∗
︸ ︷︷ ︸

V̂

PDP∗
︸ ︷︷ ︸

D̂

PV∗ = V̂D̂V̂
∗
,

where V̂ is still unitary (you should be able to prove this) and D̂ is still diagonal
(you should be able to prove this).

Furthermore, we learned that the eigendecomposition of a Hermitian matrix
reveals the rank of that matrix – the number of non-zero eigenvalues is equal to the
rank of the matrix and that the corresponding normalized eigenvectors provide a
basis for the range of the operator. MEK: we need to have them show this is the
case in the previous chapter

Suppose that A is a Hermitian matrix. Show the following additional facts,
in light of the new norm definitions above.

Exercise 6.3. Show that ‖A‖2 is the spectral radius of A. In other words, ‖A‖2 =
‖D‖2.

Exercise 6.4. Show that ‖A‖F = ‖D‖F =
√∑n

i=1
|λi|2.

So now we wonder what happens when A is orthogonally diagonalizable? In-
deed, what happens when A is not even square? Is there a way to unitarily di-
agonalize a general A that reveals rank, provides orthonormal bases for the range
space, makes it easy to compute certain matrix norms? The answer is given in the
next section.

6.2 The Singular Value Decomposition (SVD)

In this section, we discuss a wonderful matrix decomposition, called the singu-

lar value decomposition, or SVD for short, that is significant for a number of
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6.2. The Singular Value Decomposition (SVD) 87

reasons, several of which are listed below:

1. The SVD gives an orthogonal (unitary, if A is complex) diagonalization that
can be computed (at least, in theory) for any matrix, regardless of dimension.
In particular, unlike an eigendecomposition the matrix need not be square.
The singular values of the SVD can be used to compute two well-used matrix
norms, and to express the so-called 2-norm condition number of a matrix.

2. The SVD is rank-revealing in the sense that from it, we can easily obtain the
rank of the matrix. This gives us an alternative to reducing the matrix to REF
to determine rank. This is important from a stable numerical computation
point of view. Plus, we get other good stuff (see next two bullet points below)
in the process.

3. Certain components of the so-called full SVD provide orthonormal bases for
R(A), N(A), R(A∗), N(A∗).

4. The SVD of a matrix in Rm×n has a nice geometric interpretation which
provides a useful intuition – it can be used to show that the image of any real
matrix is a hyperellipse.

We begin with the formal definition, followed by a few other equivalent ways
of writing the matrix SVD. A proof of existence follows that.

Definition 6.1. Given A ∈ Cm×n its (full) singular value decomposition SVD is
the factorization

A = USV∗, (6.1)

with
U ∈ C

m×m,U∗U = Im×m = UU∗(U is unitary)

V ∈ C
n×n,V∗V = In×n = VV∗(V is unitary)

S ∈ C
m×n, is real diagonal ,Sii = σi, σ1 ≥ σ2 ≥ · · · ≥ 0.

In particular, if the rank of A is r, we have σr+1 = σr+2 = · · · = σp = 0 where
p = min(m,n). In other words, the rank of the diagonal matrix S is the same as
the rank of A.

Assuming for now that the SVD exists, it is clear from (6.1) that we must also
have

AV = US. (6.2)

Now let us equate, column by column, the right and left hand sides of (6.2). The
ith column on the left can be written Avi. Since S is diagonal, the ith column on
the right can be written σiui. We observe:

Avi = σiui, i = 1, . . . , r and Avi = 0, i = r + 1, . . . , p,

for the rank r, where the facts

‖vi‖2 = 0, i = 1, . . . , n ‖uj‖2 = 0, j = 1, . . . ,m
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88 Chapter 6. Singular Value Decomposition

follow from the assumption that the matrices V,U were unitary, respectively. The
triple (vi, σi,ui) is called a singular triple for A.


