
Math 150-02
Homework 9
Spring 2013

Instructions: You may work together on this, but if you do, YOU MUST tell me with whom you
worked, and on which problems. Furthermore, all answers must be written in your own words. This
is due back the beginning of class, Wed. April 24, 2013.

1. Let A be a real symmetric matrix. Show that det(A) is the product of its eigenvalues.

2. Show the diagonals of a real symmetric (or Hermitian) matrix that is also positive definite
must be strictly positive. (Hint: Consider xTAx (xHAx), and what choice of x would allow
you to isolate the ith diagonal entry.)

3. Let f(x, y) be a function of 2 variables. 1

If f has continuous second-order partial derivatives at (a, b) then the second-degree Taylor
polynomial if f at (a, b) is

Q(x, y) = f(a, b)+fx(a, b)(x−a)+fy(a, b)(y−b)+1

2
fxx(a, b)(x−a)2+fxy(a, b)(x−a)(y−b)+1

2
fyy(a, b)(y−b)2

and is called the quadratic approximation to f at (a, b). We can rewrite this using linear
algebraic tools (which is almost never done in Calc III):

Q(x, y) = f(a, b) + g(a, b)Tc +
1

2
cT
[

fxx(a, b) fxy(a, b)
fxy(a, b) fyy(a, b)

]
︸ ︷︷ ︸

H

c

where g is the gradient vector evaluated at (a, b) and c denotes the difference between (x, y)
and (a, b):

g =

[
fx(a, b)
fy(a, b)

]
and c =

[
x− a
y − b

]
.

The matrix of 2nd partials is called the Hessian of f evaluated at (a, b). Note the Hessian is
a symmetric matrix!

The 2nd derivative test for local maxs and mins of f(x, y) is based on the quadratic approx-
imation. Local maxs and mins, if they exist, occur at a critical point (i.e. at (a, b) where
fx(a, b) = 0 = fy(a, b)). A calc textbook will tell you that you will have a local min at a
critical point (a, b) if fxx(a, b)fyy(a, b)− [fxy(a, b)]2 > 0 and fxx(a, b) > 0.

Suppose you know that the Hessian evaluated at the critical point is positive definite. Explain
why the 2nd derivative test for local min is satisfied here and therefore you must have a
local min at (a, b). (Hint: take the determinant of the Hessian, compare to the test, and use
problems 1 and 2).

4. Let A be m× n with m > n. Assume that A has linearly independent columns. Prove ATA
is BOTH symmetric AND positive definite.

5. When we have a linear system Ax = b, with m × n A, m > n, then an exact solution exists
only when b ∈ col(A). But in practice, it’s often the case that b 6⊂ col(A), so we settle for
finding x̂ such that

‖ b−Ax̂︸ ︷︷ ︸
r

‖2

is as small as possible. Such a vector x̂ is called a least-squares solution. A proof similar
to the last homework 4b will show that the closest element in any given subspace W ⊂ Rn to
b, as measured in the 2-norm, is the orthogonal projection of b onto W.

1If you haven’t had 3rd semester Calculus: The nth partial derivative of f with respect to x (if it exists) is
obtained by treating y as a constant and differentiating n times (notation for n = 1 is fx(x, y) := ∂

∂x
f(x, y), for n = 2

is fxx(x, y) = ∂2

∂2x
f(x, y). Similarly, fy , fyy etc are obtained by treating x variable as a constant and differentiating

with respect to y. The notation fx,y(x, y) is a “mixed partial” and for sufficiently smooth functions, fx,y(x, y) =

fy,x(x, y) = ∂
∂x

(
∂
∂y

f(x, y)
)

.
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• Why must r be in col(A)⊥?

• Since r ∈ colA⊥, write what this means mathematically, and then conclude (i.e. derive)
that x̂ must satisfy

ATb = ATAx̂.

(Hint, easiest if you look at what this means for aT
i r in that order, rather than rTai. )

• Assume rank(A) = n. Why does this ensure a unique least squares solution x̂?

• Find the best fit line to the 3 data points (yi, ti) = (1, .5), (1, 1), (1, 2). (Since a line is of
the form y = mt + c, ideally, yi = mti + c for each ordered point, so you get 3 eqns in 2
unknowns. Use part b to find m and c.)
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