
Math 150-02
Take-home Exam 1

Spring 2013

Instructions: The ONLY MATERIALs you may use are a) anything on the 150-02 course webpage,
including answer keys for homeworks b) notes you took in class c) your graded homeworks. You may
NOT use any other textbooks or notes. You may not consult any other online sources or use any
computer programs. You may not discuss the exam with anyone but the instructor. You are bound
by Tufts honor code, so please be sure to sign your name somewhere on the exam solutions
you turn in - your signature signifies your understanding of these rules. The exam is DUE the
beginning of class, Wed., Feb. 27, 2013.

1. Let the vector space V be Π3, the set of all complex-valued polynomials of degree 3 or less.
Given p(z) = α0 + α1z + α2z

2 + α3z
3, define L : V → V as

L(p) = α1 + α2z + α3z
2 + α0z

3,

(note the shift in the coefficients).

(a) Prove that L is a linear operator.

(b) Is L one-to-one? Justify.

(c) Is Range(L) = V ? Explain.

(d) Give all the eigenvalues of L (be sure to show your work).

(e) Give the eigenvectors (i.e. the polynomials) that correspond to those eigenvectors.

2. Assume A,B are n× n. Assume A and B are both diagonalizable under the same similarilty
transformation. Show the product AB commutes, and give the eigenvalues of AB.

3. Let an n× n matrix A have k < n distinct eigenvalues, and define S := N(A− λ1I) +N(A−
λ2I) + · · ·+N(A− λkI).

(a) Show S is an invariant subspace of A.

(b) Can we also write S as a direct sum of those subspaces? Explain.

(c) It is not necessarily true that dim(S) = n. Give an example of an A that’s at least size
3 x 3 that illustrates this point (hint, think upper triangular matrix).

4. Let A be m × n, and let B be an n × n matrix. Assume that B can be partitioned to be a
3x3 block diagonal matrix, with each block on the diagonal of size mi ×mi, i = 1, 2, 3. Define
C = AB. Show that the first m1 columns of C are linear combinations only of the first m1

columns of A, that columns m1 + 1 to m1 +m2 of C are linear combinations only of columns
m1 + 1 to m1 + m2 of A, and that columns of C from index m1 + m2 + 1 to n are linear
combinations only of columns m1 +m2 + 1 to n of A.

5. A linear operator L has 0 as an eigenvalue with algebraic multiplicity 4. Give an upper bound
and a lower bound on dim(ker(L)).
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