
Math 150-02
Take-home FINAL

Spring 2013

Instructions: The ONLY MATERIALs you may use are a) anything on the 150-02 course webpage,
including answer keys for homeworks b) notes you took in class c) your graded homeworks. You may
NOT use any other textbooks or notes. You may not consult any other online sources or use any
computer programs. You may not discuss the exam with anyone but the instructor. You are bound
by Tufts honor code, so please be sure to sign your name somewhere on the exam solutions
you turn in - your signature signifies your understanding of these rules. The exam is DUE by 4pm
on Monday, May 6, 2013. You can ask the secretary to put it in my mailbox if I’m not here.

1. On homework 9, you found that any least squares solution x̂, which is a solution to i)Ax̂ =
projcol(A)b is a solution to ii)ATAx̂ = ATb. You also showed that ATA is SPD (and therefore

invertible)if rank(A) = n.

(a) Now show by using the definition of orthogonal projection matrix P := A(ATA)−1AT

is an orthogonal projection matrix, which clearly connects equations i.) and ii.)

(b) Suppose that you are given the SVD of A (A = USVT ). Recall that u1, . . . ,ur is an
orthonormal basis for col(A). Plug the SVD into the P matrix definition in part a, and
show that also P = U1U

T
1 , where U1 is the m× r matrix with u1, . . . ,ur as its columns.

You may want to partition the matrices in the SVD to prove this.

2. Let V be a real vector space of dimension n, and let 〈·, ·〉 denote a valid inner product on that
space. Suppose L : V → V is linear, and that 〈L(v),w〉 = 〈v,L(w)〉 for all v,w ∈ V . Now
suppose that L has n positive, distinct eigenvalues, and that its eigenvectors are orthogonal in
the inner product. Show that the bilinear form 〈v,w〉L := 〈L(v),w〉 defines a new valid inner
product on V .

3. Consider the integral equation∫ 1

0

K(s, t)f (n)(t)dt = g(n)(s), s ∈ [0, 1].

Let

f (n)(t) =

n∑
j=1

ξjφj(t), g(n)(s) =

n∑
j=1

βjψj(s).

We will assume that βj are known, but that ξj are unknown. We will also assume that
{φ1, . . . , φn} is an orthonormal set in the L2[0, 1] inner product, and that {ψ1, . . . , ψn} is a
(possibly different) orthonormal set in the L2[0, 1] inner product. Set W = span{ψ1, . . . , ψn}.
We want to derive a linear system of the form Ax = b which tells us how to get the ξj . Define

θ(s) =

∫ 1

0

K(s, t)f (n)(t)dt =

n∑
j=1

ξj

∫ 1

0

K(s, t)φj(t)dt.

In general, θ(s) need not lie in W . So we want the “best approximation” of θ(s) to g(n)(s) in
the inner product, which means that the residual g(n)(s)−θ(s) should be orthogonal toW .

Use this fact to derive a linear system of the form Ax = b, where x =

 ξ1
...
ξn

, b =

 β1
...
βn

.

This method of discretization of an integral equation is called Galerkin projection.

4. Let A be m×n real, define the linear transformation L(x) = Ax. Suppose you have the SVD
of A. As a basis for Rn, use the singular vectors vi, i = 1, .., n. As a basis for Rm, use the
singular vectors u1, . . . ,um. Show that the matrix of the transformation is the matrix Σ.

5. Let {v1, . . . , vn} be an orthonormal basis for Rn in the standard Euclidean inner product. Let
x ∈ Rn be arbitrary, write x =

∑n
i=1 civi. Show that ‖x‖22 =

∑n
i=1 c

2
i .
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6. You will want to use the problem above for this. Suppose A is m× n, m > n, and let x ∈ Rn

with ‖x‖2 = 1. First show ‖Ax‖22 ≤ σ2
1‖x‖22 = σ2

1 , where σ1 is the largest singular value
of A. Then argue that equality can be achieved for a specific choice of x. This shows that
the matrix 2-norm, that we discussed a while back, has a really nice closed form expression:
‖A‖2 := max‖x‖2=1 ‖Ax‖2 = σ1.
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